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Abstract 

 
Introduction 
 
Population modeling has been used in ecology to estimate trends in growth and extinction of 
endangered species for many years.  There are many types of models that can be used in order to 
perform this task.  Auto-regressive models tend to be used when data consists of a time series of 
counts.  These models have been effective because the count data matches the auto-regressive 
process which is an attempt to model a current value of a variable as a weighted linear sum of its 
previous values (Kutner et. al. 2005, Clark 2007).  Auto-regressive models can be used for a 
single data set or can be used on multiple time series at once.  When more than one time series is 
analyzed it is known as a multivariate auto-regressive model.  A further extension of this type of 
model is the multivariate auto-regressive state-space model.  This allows for the effective analysis 
of multiple time series while accommodating for multiple forms of error.  State-space models 
incorporate a state variable and an observation variable that are related through a set of 
differential equations and make use of an observation error and a process error (Clark 2007).  The 
state variable is a non-measured variable represented by the observed variable.  In ecology, the 

The Barton Spring Salamander (Eurycea sosorum) is a Federally listed endangered 
species found only in springs in Zilker Park in central Austin, Texas.  Subterranean 
movement of the salamander population makes estimating the true population a difficult 
task.  In order to estimate the population and track any temporal trends, City of Austin 
scientists conduct monthly count surveys of each spring.  Data collected from 2004 to 
2011 was used in the MARSS (Multivariate Auto-Regressive State-Space) package for the 
R statistical computing language to obtain population estimates and determine density-
dependence.  MARSS iteratively solved a set of differential equations with Gaussian 
errors using a Kalman Filter to estimate the population of E. sosorum.  The derivation 
and explanation of equations used in the program are briefly described within this report.  
Results from this analysis are documented in a subsequent report (Bendik and Turner 
2011). 
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population density of a species is considered the state variable while the observed counts is 
considered the observation variable.  The observation error is the variation in the relationship 
between the true population size and the observed count (Dennis et al. 2006).  Process error is the 
unexplained variation in the changes in the true population size, and represents environmental 
variability (Dennis et al. 1991).  By accounting for both types of error, the MARSS model would 
be expected to produce a better estimate for a population trend than a normal regression model. 
 
The City of Austin has used the multivariate auto-regressive state-space model (MARSS) 
developed for R (a statistical computing language and environment) to estimate population trends 
and test for density-dependence of the Barton Springs salamander (Eurycea sosorum) in multiple 
spring locations in Austin, Texas (Bendik and Turner 2011).  The program is used to estimate the 
parameters of linear MARSS models with Gaussian errors (Holmes & Ward 2011).  A set of 
differential equations with Gaussian errors can be represented as: 
 

xt = Bxt-1 + u + wt where wt ~ MVN(0,Q) 
yt = Zxt + a + vt where vt ~ MVN(0,R) 

xo ~ MVN(ξ,Λ)  
 
This is the basic problem that the MARSS program solves where yt is the observed count and xt is 
the actual population of the salamander at time t.  In order to document the general methodology 
used, we explain how the MARSS package solves for yt, xt, B, u, Q, Z, a, R, ξ, and Λ in order to 
estimate population trends and density-dependence.  Population trends for the Barton Springs 
Salamander using two different statistical methods including the MARSS methodology and 
Generalized Linear Regression Model (GLM) are detailed in Bendik and Turner, 2011. 
 
Results 
 
In order to solve the original problem, MARSS uses the following algorithm: 
 

θj+1 = arg max (θ) ∫x ∫y logL(x,y ; θ) f(x,y | Y(1) = y(1), θj) dx dy 
 
In the above equation Y(1) indicates the set of all Y that has an observation while y(1) denotes 
the actual observation.  The θ is the set of parameters that MARSS is estimating in the algorithm.  
In most cases of the MARSS model θ will consist of B, u, Q, Z, a, R, ξ, and Λ.  Solving the 
equation above equates to finding the set of parameters that maximizes the expected joint log 
likelihood of X and Y, as the integral portion of the equation is the expected joint log likelihood.  
This is an expectation-maximization (EM) algorithm.  The EM algorithm used in MARSS works 
in two separate steps for every iteration.  The first step is to solve the integration process.  This is 
known as the expectation step.  The second step is to find a new parameter set (θj+1) that 
maximizes the expected log likelihood that was computed in step one.  MARSS accomplishes this 
on a parameter-by-parameter basis, where parameters that are not being maximized are set to 
their iteration j values.  This two step process continues until the likelihood no longer increases 
by a set tolerance level. 
 
To simplify things, MARSS uses a set of update equations for each parameter in θ.  These update 
equations successfully solve and maximize the expected log likelihood for the specified 
parameter, giving the iteration j+1 value.  Combining all j+1 parameter estimates will produce 
θj+1.  To formulate each of the update equations we first expand the expected log likelihood of 
X,Y for the original set of equations discussed.  If  Ψ represents E[logL(Y,X ; θ) | Y(1) = y(1), 
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θj] which is the expected log likelihood conditioned on (1),  the random values of Y(1) equal 
the observed values y(1) and (2) the parameter set θj.   
Then we can write: 
 

Ψ = -(1/2)*∑(E[Yt
T R-1 Yt] – E[Yt

T R-1 ZXt] – E[(ZXt)T R-1 Yt] – E[aT R-1 Yt] –  

E[Yt
T R-1 a] + E[(ZXt)T R-1 ZXt] + E[aT R-1 ZXt] + E[(ZXt)T R-1 a] + E[aT R-1 a]) – 

(T/2)*log|R| - (1/2)*∑(E[Xt
T Q-1 Xt] – E[Xt

T Q-1 BXt-1] – E[(BXt-1)T Q-1 Xt] –  

E[uT Q-1 Xt] – E[Xt
T Q-1 u] + E[(BXt-1)T Q-1 BXt-1] + E[uT Q-1 BXt-1] +  

E[(BXt-1)T Q-1 u] + uT Q-1 u) – (T/2)*log|Q| -  

(1/2)*(E[Xo
T Vo

-1 Xo] – E[ξT Λ-1 Xo] – E[Xo
T Λ-1 ξ] + ξT Λ-1 ξ) – (1/2)*log|Λ| - (n/2)*log π     

 
A superscript T denotes the transpose of either a vector or a matrix while R-1 would imply the 
inverse of R.  The above expansion is correct as long as xo is considered a stochastic variable 
(known distribution).  The other option is to consider xo as a fixed but unknown variable, in 
which case the bottom line of the above equation would be dropped and Xo ≡ ξ and Λ would be 
zero.  The update equations are then the partial derivative of Ψ with respect to a parameter of θ.  
To maximize the set θ, each partial derivative is set equal to 0 and a new value for the parameter 
is obtained.  It should be noted that there is a difference in computing the update equations for 
each parameter matrix based on if the elements in the parameter are constrained or unconstrained.  
The unconstrained scenario is less complex mathematically so these equations are described first.  
As an extensive example we solve for uj+1.  Developing the partial derivative of Ψ with respect to 
u: 
 

∂Ψ/∂u = - (1/2)*∑( - ∂(E[uT Q-1 Xt])/∂u – ∂(E[Xt
T Q-1 u])/∂u + ∂(E[uT Q-1 BXt-1])/∂u  

+ ∂(E[(BXt-1)T Q-1 u])/∂u + ∂(uT Q-1 u)/∂u) 

 
It is important to note that the derivative of a constant is 0.  Any term in Ψ that does not involve u 
can be considered as a constant and is not included in the above partial derivative because the 
terms are equal to 0.  The following rules of vector derivatives will be used in the simplification 
of this partial derivative: 
 

1) ∂(aTc)/∂a = cT 
2) ∂(aTCa)/∂a = 2aTC 

 
Taking the partial derivative and moving parameters out of the expected value terms leaves one 
with the following: 
 

∂Ψ/∂u = -(1/2)*∑(-(Q-1E[Xt])T – E[Xt]TQ-1 + (Q-1BE[Xt-1])T + (BE[Xt-1])TQ-1 + 2uTQ-1) 
 
Using the transpose rule for matrices that states (ABC)T = CTBTAT the partial derivative can be 
simplified to: 
 

∂Ψ/∂u = -(1/2)*∑(-E[Xt]T(Q-1)T – E[Xt]TQ-1 + E[Xt-1]TBT(Q-1)T + E[Xt-1]TBTQ-1 + 2uTQ-1) 
 
Using the fact that Q is symmetric we know that Q-1 = (Q-1)T and can further simplify the partial 
derivative. 
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∂Ψ/∂u = -(1/2)*∑(-E[Xt]TQ-1 – E[Xt]TQ-1 + E[Xt-1]TBTQ-1 + E[Xt-1]TBTQ-1 + 2uTQ-1) 
 
Combine like terms and multiply through by –(1/2) to get: 
 

∂Ψ/∂u = ∑(E[Xt]TQ-1 - E[Xt-1]TBTQ-1 - uTQ-1) 
 
Now we can set ∂Ψ/∂u to 0 in order to maximize the equation.  In the same step right multiply 
both sides by Q.  As Q-1Q = I where I is the identity matrix, right multiplying by Q will negate all 
Q-1 values to the equation. 
 

0 = ∑(E[Xt]T - E[Xt-1]TBT - uT) 
 
Take the transpose of the entire equation to get: 
 

0 = ∑(E[Xt] - BE[Xt-1] - u) 
 
From here one simply removes u from the summation statement.  As u is not changing from t = 1 
to t = T, one is simply subtracting u a total of T times or subtracting Tu. 
 

0 = ∑(E[Xt] - BE[Xt-1]) – Tu 

Tu = ∑(E[Xt] - BE[Xt-1]) 

uj+1 = (1/T) * ∑(E[Xt] - BE[Xt-1]) 

 
This is the update equation for the u parameter when the vector is unconstrained (all elements are 
estimated and allowed to be different).  The following is a list of the other parameter update 
equations; however, for a more rigorous derivation of each update equation see Holmes (2011). 
 

• Bj+1 = (∑(E[XtXt-1
T] – uE[Xt-1

T])) * (∑E[XtXt-1
T])-1 

• Qj+1 = (1/T) * ∑(E[XtXt
T] – E[XtXt-1

T]BT – BE[Xt-1Xt
T] – E[Xt]uT – uE[Xt

T] + BE[Xt-

1Xt-1
T]BT + BE[Xt-1]uT + uE[Xt-1

T]BT + uuT)   

• aj+1 = (1/T) * ∑(E[Yt] – ZE[Xt]) 

• Zj+1 = (∑(E[YtXt
T] – aE[Xt

T])) * (∑E[XtXt
T])-1 

• Rj+1 = (1/T) * ∑(E[YtYt
T] – E[YtXt

T]ZT – ZE[XtYt
T] – E[Yt]aT – aE[Yt

T] + 

ZE[XtXt
T]ZT + ZE[Xt]aT + aE[Xt

T]ZT + aaT) 

• ξj+1 = E[Xo]      (stochastic initial value) 

• ξj+1 = (BTQ-1B)-1BTQ-1(E[Xt] – u)   (fixed xo) 

• Λj+1 = var[Xo]      (stochastic initial value) 

• Λj+1 does not exist     (fixed xo) 

 
In order to solve the initial problem, all that is needed now is to solve for the expected values 
listed in the equations.   Before reaching this point, the update equations should be explained 
when the parameters are constrained (elements of a matrix are fixed or linear combinations of 
other elements).  A matrix that is composed of fixed and shared values can be broken down into 
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two different matrices.  One matrix would contain all of the fixed elements while the other would 
contain all free elements.  As an example,  consider the following break down of a 1x4 matrix. 
 

[a 2 a+3c+8 7] = [0 2 8 7] + [a 0 a+3c 0] 
 
MARSS computes the vec of each parameter matrix which is simply stacking the columns of a 
matrix on top of each other so that there is only a single column when the process is finished.  So 
every parameter matrix is transformed into a column vector.  This column vector is then separated 
into the FIXED matrix, denoted as f, and the FREE matrix, denoted vec(Mfree).  The FREE matrix 
is then further separated into a column matrix, denoted as m, consisting of the free values (a and c 
in the above example) and a design matrix, denoted as D.  The matrix D is formed in such a way 
that the equation f+Dm will equal the vec of the original matrix.  Finally the m which sets the 
derivative of Ψ with respect to m to zero is found through similar algebraic computations as the 
unconstrained solutions.  Considering the computation of uj+1 in an extensive example: 
 

∂Ψ/∂u = - (1/2)*∑( - ∂(E[uT Q-1 Xt])/∂u – ∂(E[Xt
T Q-1 u])/∂u + ∂(E[uT Q-1 BXt-1])/∂u  

+ ∂(E[(BXt-1)T Q-1 u])/∂u + ∂(uT Q-1 u)/∂u) 

 
However, this time let u = f + Dv and take the derivative of Ψ with respect to v. 
 

∂Ψ/∂v = - (1/2)*∑( - ∂(E[(f + Dv)T Q-1 Xt])/∂v – ∂(E[Xt
T Q-1 (f + Dv])/∂v  

+ ∂(E[(f + Dv)T Q-1 BXt-1])/∂v + ∂(E[(BXt-1)T Q-1 (f + Dv)])/∂v 

+ ∂((f + Dv)T Q-1 (f + Dv))/∂v) 

 
Drop all the terms without v in them to get: 
 

∂Ψ/∂v = - (1/2)*∑( - ∂(E[(Dv)T Q-1 Xt])/∂v – ∂(E[Xt
T Q-1 Dv])/∂v  

+ ∂(E[(Dv)T Q-1 BXt-1])/∂v + ∂(E[(BXt-1)T Q-1 Dv])/∂v  

+ ∂((f + Dv)T Q-1 (f + Dv))/∂v) 

 
Expanding the last term and taking the transpose of certain terms results in the following: 
 

∂Ψ/∂v = - (1/2)*∑( - ∂(E[(vT DT Q-1 Xt])/∂v – ∂(E[Xt
T Q-1 Dv])/∂v  

+ ∂(E[vT DT Q-1 BXt-1])/∂v + ∂(E[(BXt-1)T Q-1 Dv])/∂v 

+ ∂(fTQ-1f + fTQ-1Dv + (Dv)TQ-1f + (Dv)TQ-1Dv)/∂v) 

 
Compute the derivatives and set the left side to 0 to get: 
 

0 = - (1/2)*∑( -E[(DT Q-1 Xt)T] – E[Xt
T Q-1 D] + E[(DT Q-1 BXt-1)T] + E[(BXt-1)T Q-1 D] 

+ fTQ-1D + (DTQ-1f)T + 2vTDTQ-1D) 

0 = - (1/2)*∑( -E[Xt
T Q-1 D] – E[Xt

T Q-1 D] + E[(BXt-1)T Q-1 D] + E[(BXt-1)T Q-1 D] 

+ fTQ-1D + fTQ-1D + 2vTDTQ-1D) 
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Combining like terms and multiplying through by –(1/2) gives: 
 

0 = ∑( E[Xt
T Q-1 D] - E[(BXt-1)T Q-1 D] - fTQ-1D - vTDTQ-1D) 

 
Next take the transpose of both sides and move terms out of the expected values. 
 

0 = ∑( DTQ-1E[Xt] – DTQ-1BE[Xt-1] – DTQ-1f – DTQ-1Dv) 
 
Then remove DTQ-1 from the summation term as well as DTQ-1Dv. 
 

0 = DTQ-1∑(E[Xt] – BE[Xt-1] – f) – TDTQ-1Dv 

TDTQ-1Dv = DTQ-1∑(E[Xt] – BE[Xt-1] – f) 

vj+1 = (1/T) * (DTQ-1D)-1 DTQ-1 ∑(E[Xt] – BE[Xt-1] – f) 

uj+1 = f + Dvj+1 

 
This is the general update equation for u when the vector is constrained.  The following is a list of 
the update equations for the other constrained parameters in the MARSS model.  For a more 
rigorous derivation of the equations see Holmes (2011). 
 

• αj+1 = (1/T)(DTR-1D)-1DTR-1(∑(E[Yt] – ZE[Xt] - f))             aj+1 = f + Dαj+1 

• qj+1 = (1/T)(DTD)-1DTvec(∑(E[XtXt
T] – E[XtXt-1

T]BT – BE[Xt-1Xt
T] – E[Xt]uT  

uE[Xt
T] + BE[Xt-1Xt-1

T]BT + BE[Xt-1]uT + uE[Xt-1
T]BT + uuT))        vec(Qj+1) = f + Dqj+1 

• βj+1 = (∑DT(E[Xt-1Xt-1
T] × Q-1)D)-1 * DT(∑(vec(Q-1E[XtXt-1

T]) – (E[Xt-1Xt-1
T] × Q-1)f – 

vec(Q-1uE[Xt-1
T])))        vec(Bj+1) = f + Dβj+1 

• ζj+1 = (∑(DT(E[XtXt
T] × R-1)D))-1DT(∑(vec(R-1E[YtXt

T]) – (E[XtXt
T] × R-1)f – 

vec(R1aE[Xt
T])))        vec(Zj+1) = f +Dζj+1 

• ρj+1 = (1/T)(DTD)-1DTvec(∑(E[YtYt
T] – E[YtXt

T]ZT – ZE[XtYt
T] – E[Yt]aT – aE[Yt

T] + 

ZE[XtXt
T]ZT + ZE[Xt]aT + aE[Xt

T]ZT + aaT))       vec(Rj+1) = f +Dρj+1 

• pj+1 = (DTΛ-1D)-1DTΛ-1(E[Xo] – f)      ξ`j+1 = f + Dpj+1   (stochastic initial value) 

• pj+1 = (DTBTQ-1BD)-1DTBTQ-1(E[Xt] – u – Bf)        ξj+1 = f + Dpj+1    (fixed xo) 

• Λj+1 = var[Xo]             (stochastic initial value) 

• Λj+1 does not exist                                     (fixed xo) 

 
The symbol × denotes the Kronecker product in the above equations.  Notice that the parameters 
a, u, and ξ are column vectors already and do not need to be transformed using the vec function.  
The only step that remains in solving the initial problem is the computation of the expected values 
of X and Y in the MARSS model. 
 
The expected values and variances of X are computed using the Kalman Filter (default) or the 
Kalman Smoother in the MARSS package.  The Kalman filter is itself a recursion equation that 
uses data up to time t for each iteration.  The smoother uses all available data to calculate each 
expected value. 
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E[Xt] = Ct[BCt-1BT + Q)-1(BE[Xt-1] + ut) + ZTR-1yt 

Ct = {(BCt-1BT + Q)-1 + ZRTZ}-1 

From these values calculated using the Kalman filter the rest of the expected value components 
are calculated in MARSS using the following set of equations: 
 

E[XtXt
T] = var[Xt] + E[Xt]E[Xt

T] 

E[XtXt-1
T] = cov[Xt,Xt-1] + E[Xt]E[Xt-1

T] 

E[Yt] = yt – Δt(yt – ZE[Xt] – a) 

E[YtYt
T] = It

(2)(ΔtR + ΔtZ*var[Xt]ZTΔt
T)It

(2) + E[Yt]E[Yt
T] 

E[YtXt
T] = ΔtZ*var[Xt] + E[Yt]E[Xt

T] 

E[YtXt-1
T] = ΔtZ*cov[Xt,Xt-1] + E[Yt]E[Xt-1

T] 

where Δt = I – R(Ωt
(1))T (Ωt

(1)R(Ωt
(1))T)-1 Ωt

(1) 

and It
(2) = (Ωt

(2))T Ωt
(2) 

 
In the above equations Ωt

(1) denotes the matrix which pulls only the actual data (yt) from Y where 
there is non-missing data while Ωt

(2) denotes the matrix that pulls only data (yt) from Y where 
there is missing data.  These expected values are input to update equations and new parameters 
are found until the maximum likelihood no longer increases by some set value.   
 
Conclusion 
 
The application of current and innovative methods of analysis is expected in the field of 
endangered species management.  The standard of acceptance for Habitat Conservation Plans and 
Recovery Plans submitted to USFWS for Endangered Species Act compliance is the “best 
available science”.  In order to meet that standard, City of Austin scientists have investigated a 
number of methods to assess the population trends of the Barton Springs Salamander.  The use of 
surface habitat counts when subterranean refugia exists make this analysis challenging.  
Application of MARSS to obtain population estimates and determine density-dependence is an 
attempt to resolve the complications and provide supportable population trends to habitat 
managers and regulatory agencies.   
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